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An Analysis of Certain Errors in Electronic
Differential Analyzers

II—Capacitor Dielectric Absorption®

PAUL C. DOW, Jr.T

Summary—The permittivity or dielectric constant of the ma-
terials used in capacitors is not actually a constant but is a complex
function of frequency and temperature. Consequently, the feedback
capacitors used in the integrators of a differential analyzer cannot be
considered ideal, but their capacitance must be considered a variable.
Methods of representing the complex capacitance are discussed and a
model is selected which is conveniently suited to the analysis. Ex-
perimental methods of measuring the complex capacitance are de-
scribed. The phenomenon of dielectric absorption is interpreted in
terms of the capacitor model and it is shown that an integrator having
such a feedback capacitor will experience a change in effective initial
conditions after a solution is started on the computer. It is also shown
that when such integrators are used to solve linear differential equa-
tions with constant coefficients, the locations of the roots of the char-
acteristic equation are changed slightly; these changes can be evalu-
ated when the properties of the capacitor model are known.

INTRODUCTION

well-known phenomenon exhibited by dielectric
A materials is that of dielectric absorption.! When
a potential difference is applied to a dielectric,
the polarization current or charging current consists
of two distinct types. The first is the charging current
which occurs practically instantaneously; the second
is that which occurs more slowly during a measur-
able period of time. The former is caused by the rapidly
forming, or instantaneous, electronic and atomic polari-
zations. The latter is caused by slowly forming, or ab-
sorptive, dipole and interfacial polarizations. Only the
interfacial polarizations have relaxation times which are
large enough to be of interest in analog computer ap-
plications. (The relaxation time is a quantitative meas-
ure of the time required for a polarization to form or
disappear.)
The theory of dipole polarizations as developed by
Debye? shows that the dielectric constant can be con-
sidered a complex function defined by

e = ¢ — je'. 1)

When expressed in terms of frequency and relaxation
time, the complex dielectric constant becomes
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where ¢ is the zero frequency or static dielectric con-
stant, €, is the infinite frequency dielectric constant, and
7o is the relaxation time which is a function of tempera-
ture.

The theory of interfacial polarizations has been
treated by several writers,®*~7 and various expressions
for the complex dielectric constant have resulted, all
determined in part by empirical parameters. Of these,
perhaps the simplest is that proposed by Cole and Cole,’
which is

€*=E

)

€& =€, + L 3)
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where « is an empirical constant with values from 0 to 1,

a measure of the distribution of relaxation times.
Unfortunately, none of these expressions, nor the
physical model of the capacitor resulting from them, is
particularly well suited to the analysis of the effect of
such a capacitor when used as the feedback path of a
high-gain amplifier, i.e., when used in an integrator of a
differential analyzer. Furthermore, these expressions
were based on the results of experiments performed on
dielectric materials not commonly used in the capacitors
used in analog computers. Consequently, the experi-
ments described below were carried out for two pur-
poses: 1) to develop a useful mathematical expression
for the complex capacitance and a physical model for
the capacitor, and 2) to evaluate the necessary empirical
parameters for a dielectric material commonly employed
in precision computer capacitors, namely, polystyrene.

TRANSIENT CURRENT MEASUREMENTS

For the measurement of the charging current, an
electrometer was connected in series with the capacitor
and a battery. The charge on the electrometer was re-
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Fig. 1—Capacitor discharge current and rate of voltage recovery.

corded, and its rate of change evaluated to give the
current. The discharge current was measured in a similar
manner by replacing the battery by a short circuit. The
charging current was influenced by the capacitor leakage
resistance and by the battery voltage recovery following
the initial surge of current. Since the discharge current
was not subject to these influences, the charging current
will not be considered in what follows.

It was noted that, due to the dielectric absorption
effect, the magnitude of the discharge current depended
on how long the capacitor was charged prior to being
discharged. If the capacitor was charged for more than
fifteen minutes, the discharge current during the period
of observation (about five minutes) stabilized and did
not change when a longer charging interval was used.

The data points in Fig. 1 show the measured discharge
current for a 1-uf polystyrene capacitor following a
fifteen-minute charging interval. Initial charging volt-
ages of from 23 to 110 volts were used with results es-
sentially identical to those shown in Fig. 1. No differ-
ence in results was noted for temperatures ranging from
66°F to 102°F.

Any number of functions could be selected to fit the
data in Fig. 1. The function selected was

= > etk

Cec VB k

1

4)

where the number of terms would be determined by the
accuracy required in the approximation.

In Fig. 2 the current i, following the application of
voltage Vp with the capacitors initially discharged, is
given by

i
CoVs k

— ¢ tIRkCk,

RiCo

()

The discharge current which would flow if the terminals
in Fig. 2 were shorted after all the capacitors are
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Fig. 3—Model of capacitor based on experimental results.

charged to Vg volts is, of course, also given by (5).
Eqgs. (4) and (5) will be the same if the resistors and
capacitors have values given by the following relations:

1

chw = -

e F
‘6: = Tkak. (6)

It follows directly then that the equivalent circuit for
the capacitor is as shown in Fig. 3, where the leakage
resistance R is included. A similar model has also been
suggested by Single.®

It is possible, using five resistor-capacitor combina-
tions, to fit the data given in Fig. 1 if the values used
for the components in Fig. 3 are those given in Table I.
The discharge current which would result from this ap-
proximation is plotted in Fig. 1 for comparison with the
experimentally observed discharge current.

TABLE I
EXPERIMENTAL VALUES FOR CAPACITOR MODEL

l RiC,, Ti=RiCy
k G/ C,, ] (seconds) (seconds)
1 1.40X10™ 3.56X108 500
2 2.00%X10 2.50X 108 50
3 2.70X10™ 2.00X104 5.4
4 1.93X10 3.03x108 0.585
5 1.20X10™ 3.34X102 0.040

R.C,=5.0X10°

CoMPLEX CAPACITANCE

The complex capacitance C* of the model in Fig. 3
can be evaluated from its admittance since, for a
capacitor,

V(jow) = jwC*. (7
From Fig. 3, the admittance is seen to be
1
Y (jw) = joCo+ 22 (8)
k
R
x + Tl

8 C. H. Single, “Precision Components for Analog Computers,”
paper presented at ISA Convention, New York, N. Y.; 1956.



1958

where the admittance due to the leakage resistance is
not included since it is not part of the polarization
process.

The complex capacitance from (7) and (8) is

C
CHjw) = Cot+ 3 ———

9
r 1+ jolk ©)

where T} is the kth relaxation time, R;Cy. From (9) it is
clear that the infinite frequency capacitance is

Co = C*oma (10)

and the zero frequency capacitance is
Co= C*omo = Coo + 2 Ci. (11)

k

The complex capacitance can also be expressed in terms
of its real and imaginary parts as

Cc* =" —4C” (12)
where
C
C'=C,+ —_ 13
Ek 1 + w2Tk2 ( )
kaTk
C" = —_— 14
Zk 1+ T2 (19
If C* is expressed in polar coordinates, one has
C* = | C*|e (15)
where
|| = Ve e (16)
C/I
tan § = —C‘:T . 7

Tan § is the loss tangent or dissipation factor of the
dielectric. If Z;zCk<<Cw, the following approximate ex-

pressions can be derived:

Ce

|cx| = C, + Zk: T (18)
1 kaTk

= — —_— 19

Co Zk 1+ T2 (19)

Eq. (19) is plotted in Fig. 4 in dashed lines for the
capacitor model given by Table I.

Cole and Cole, in a second paper,® have evaluated the
transient current following the application of a constant
voltage to a capacitor having a dielectric constant given
by (3). These results can be made to agree with the ex-
perimental discharge current of Fig. 1 if the parameters
have the following values:

9 K.S. Cole and R. H. Cole, “Dispersion and absorption in dielec-
trics—II. Direct current characteristics,” J. Chem. Phys., vol. 10,
pp. 98-105; February, 1942.
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Fig. 4—Phase angle of the complex capacitance vs frequency.

a= 0.6
70 = 7.0 seconds
Co— Co
—_—— = 1073, (20)

Co

The details of the method used for matching the tran-
sient current curves are given by Field.!?

The value of the dissipation factor, 8, as given by
Cole and Cole? using the parameters given in (20) is
plotted in Fig. 4 in a solid line for comparison with (19).
Although the method of Cole and Cole permits the
complex capacitance to be described by fewer param-
eters than does the method used here, the latter method
lends itself more readily to the error analysis which is
the purpose of this report.

CAPACITOR VOLTAGE RECOVERY

If a capacitor is charged at a constant voltage for a
period of time and then briefly discharged by short
circuiting its terminals, a voltage is observed to build
up on the open-circuited terminals due to the slow form-
ing polarizations. This behavior provides a convenient
means of measuring the same properties of the dielectric
which were determined by the transient current meas-
urements described above.

If the model of the capacitor in Fig. 3 is charged with
a voltage Vg for a length of time, which is long com-
pared to the longest relaxation time RiCy, then each of
the capacitors C; will be charged to essentially Vg
volts. The voltage Vp is removed and the capacitor
terminals are short-circuited for a length of time, which
is short compared to the shortest relaxation time, thus
reducing the voltage on C, to zero and leaving the
voltage on the other capacitors still essentially at V5.
The short circuit is removed and the capacitor terminals
are left open-circuited. A time varying voltage will now
appear on the terminals. Let this recovery voltage be
defined as V,.

If the leakage resistance R is large enough for a neg-
ligible portion of the charge on C, to leak off during
the voltage recovery (i.e., if RLC.>>RiCr) and if, in

10 R, F. Field, “Dielectric Measuring Techniques, Permittivity,
Lumped Circuits” in “Dielectric Materials and Applications,” A. R.
von Hippel, ed., John Wiley and Sons, New York, N. Y., pp. 47-62;
1954.
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addition, C;/C,<«<1, analvsis of Fig. 3 gives for the
recovery voltage

Vi

114

Vg

—— > Ci(1 — et/ RRCrY, (21)
Coo k

Differentiating (21) with respect to time and rearrang-
ing yields

Z _1__ e—t/RkC).-.

Vi 5 RC. 22)
Comparison of (5) and (22) shows that
e (23)
Ve CiVs

where V, is the recovery voltage and < is the discharge
current. Thus the measurement of the capacitor re-
covery voltage can be used to obtain the same informa-
tion as that obtained from current discharge measure-
ments.

The recovery voltage can be measured by connecting
the capacitor to a very high impedance voltmeter, such
as an electrometer. An alternative method is to use the
capacitor as the feedback of a high-gain computer am-
plifier. With the computer in the operating condition,
the capacitor is discharged by short-circuiting its termi-
nals. The build-up of voltage on the capacitor will then
appear as the output voltage of the high-gain amplifier.
The advantage of this method is that the capacitor
characteristics can be determined without removing it
from the computer and without additional equipment.
A disadvantage is the integrator drift due to grid cur-
rent. This effect can be minimized, however, by making
two tests using the same amplifier, the second test with
the charging voltage equal in magnitude but opposite
in sign to the first. When the results of the two tests
are subtracted, the integrator drift will be eliminated.

Results of a typical experimental measurement of the
voltage recovery, using the same polystyrene capacitor
as before, are shown in Fig. 1.

INTEGRATOR ERRORS

Fig. 5 shows a high-gain operational amplifier con-
nected as an integrator with a feedback capacitor having
dielectric absorption represented by the model de-
veloped earlier. Assuming that the amplifier is ideal®!
(i.e., it has infinite gain), the following equations can be
written:

k
L. (25)
1 = R

11 For a discussion of the effect of nonideal amplifiers see P. C.
Dow, Jr., “An analysis of certain errors in electronic_differential
analyzers—I. Bandwidth limitations,” IRE TRANs. ON ELECTRONIC
CoMPUTERS, vol. EC-6, pp. 255-260; December, 1957.
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; o, e (26)
ic=— Co—
dt
dik ik dVO
R - + _——= - — . 27
g di Cx dt @7

Taking the Laplace transform of (24)-(27) and elimi-
nating the current terms yields

I:Cw + 2 —jc‘*] [sVo(s) — Vo(0)]

k RkaS + 1

_ VI(S) chlgik(—q)_
where

Vi(s) = £[Vo(0)]

Vo(0) = Vo(®)]imo. (29)
Making use of (9) in (28) gives

Vols) = — Vi(s) V(0)
SR.C*(s) s
1 RC4(0) (30)

+ SC*(S) k R/CCkS + 1 '

The first term in (30) will give the output of the in-
tegrator resulting from a given input; the second and
third terms give the output resulting from the initial
conditions.

Consider the response of the integrator to a unit im-
pulse. If R;C,=1, the first term of (30) becomes

1
Ci/Cy

14 Z———{l |

L k1+TkS

Vo(.S‘) = -

“

(31)

be written approximately as

17 Ck/C,,] .

If 2C/CK1, (31) can
k

V —_ — .
o(s) s L = Tus 41

(32)
Taking the inverse Laplace transform of (32) yields

G (1 — e tiTe),

Vo) = =1+ 22 C (33)

«©
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The last term of (33) is the voltage recovery to a unit
applied voltage, as given by (21). Then (33) can be
written

/0)
Ve

Vo(t) =—-1+4+ (34)
where V() is the recovery voltage following an applied
voltage Vp.

That is, the effect of dielectric absorption is to reduce
the magnitude of the desired integrator impulse re-
sponse by the amount of the capacitor voltage recovery.

Similarly, it can be shown that if

Vi) = R, cos wt, (35)
the integrator output is approximately
Vo(t) = — ———— sin (o + 8) (36)

w 1 Cc* 1
where l C*l and § are defined by (18) and (19).

The second term in (30) is the normal initial condition
of the integrator. The third term produces an effective
change in initial conditions. This can be seen as follows.
If the initial condition voltage V,(0) is applied to the
integrating capacitor in Fig. § for a very short time so
that the capacitors C. representing the dielectric ab-
sorption remain uncharged, then

Vo(0)

i(0) = — R

, (37)

and the integrator output due to the last two terms

in (30) becomes
V(0) <1 > Ci/Co )
s

Vo(s) = —_—
O(S) k RkaS + 1

(38)

where C* has been set equal to C, in the last term since
doing so will be ignoring second-order error terms. Tak-
ing the inverse transformation of (38) yields

Vo(t) = Vo(0) [1 ~ VI’/@]

B

(39)

where V,(t) is the recovery voltage following an applied
voltage Vp. 1f the capacitors C; are initially charged
from a previous operation or by applying the initial
conditions for a longer time, the recovery voltage will
be different from that defined by (21). This effective
change in initial conditions would be of particular sig-
nificance in high-speed repetitive computers where high
accuracy is required and where the initial conditions
must be reset in minimum time. It would also be im-
portant for boundary value problems in which the solu-
tion depends critically on the initial, or boundary, condi-
tions.

ERRORS IN SOLUTIONS OF EQUATIONS

Let the computer be set up to solve a differential
equation described by the characteristic equation
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clsh = 0. (40)

If only integrators and summers are used and if each
integrator output is described by (30), it is clear that
the operator s in the given characteristic equation will
be replaced by sC*(s)/C,.. That is, the characteristic
equation solved by the computer will be

c{ C*(s)} 0 (41)
S =
Co
Then, if s; is a root of (40) and s, is a root of (41),
C*(s/
si =5/ G5 . (42)

Ce
Let the roots of the computer solution be given by
(43)

where e, is the error in the root s;. Substituting (43) in
(42) yields

si=si+ e

Ci/Cy
ey G
r 1+ Ts;

where it is assumed that ¢;<s;. From (44) the errors in
the characteristic roots can be evaluated if the roots of
the given equation and the capacitor dielectric prop-
erties are known.

(44)

ExAMPLE oF SiMPLE HAarRMONIC MOTION

As an example of the computer error produced by
dielectric absorption, consider the equation of simple
harmonic motion:

i+ o = 0. (45)
The roots of the characteristic equation are
Si = % jw. (46)

From (44), (43), and (19), the roots of the computer
solution are

Ci/Co
S/=—-w6ijw<1—z A >

— ). 47
k 1 + (.v.)QTk2 ( )

Thus the dielectric absorption introduces damping in
the solution and changes the frequency of oscillation.
The damping ratio resulting from dielectric absorption
is a function of frequency and is approximately

¢ = 8w).

It was shown in an earlier article!! that, if the com-
puter is set up as shown in Fig. 6, the damping ratio
introduced by computer bandwidth limitations is

1 (T, 2T
g. - le 2

(48)

(49)

where T, and T, are time constants determined by the
integrator characteristics and T is the time constant
determined by the summer characteristics. The total
damping ratio is the sum of (48) and (49).
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EXPERIMENTAL RESULTS

To compare the theoretical damping ratio given by
(48) and (49) with that obtained experimentally, the
Sterling Electronic Differential Analyzer!®> was used.
The computer was set up as shown in Fig. 6. The capaci-
tors used in the integrators were the type for which
experimental values were given in Table 1. The integra-
tor and summer time constants were determined by
using the methods given in the previous article!! and
were

1

— =52 X107

T,

Ty = 2.0 X 107

Ty = 2.0(1 + w?) X 1077, (50)

Fig. 6—Computer setup for simple harmonic motion.

The theoretical damping ratio vs frequency is shown in
Fig. 7, and the portion due to dielectric absorption only
is indicated. The experimentally observed damping ratio
is plotted in Fig. 7 and shows very good agreement with
the predicted values.

12 Model LM-10, Sterling Instruments Co., Detroit, Mich.
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Fig. 7—Damping ratio introduced by the computer.

It will be noted that, for frequencies between 0.1 and
10 rad/second, the dielectric absorption makes the ma-
jor contribution to the damping. It is clearly a source of
error which must not be overlooked when considering
the accuracy of differential analyzers, especially at low
frequencies.
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