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An Analysis of Certain Errors in Electronic
Differential Analyzers

Il-Capacitor Dielectric Absorption*
PAUL C. DOW, JR.t

Summary-The permittivity or dielectric constant of the ma- so--EO
terials used in capacitors is not actually a constant but is a complex = et +.-(2)
function of frequency and temperature. Consequently, the feedback 1 +jwro
capacitors used in the integrators of a differential analyzer cannot be where Ec is the zero frequency or static dielectric con-
considered ideal, but their capacitance must be considered a variable.
Methods of representing the complex capacitance are discussed and a sa n

is
is tinfin efeucy ielectic onstant,ran

model is selected which is conveniently suited to the analysis. Ex- To iS the relaxation time which is a function of tempera-
perimental methods of measuring the complex capacitance are de- ture.
scribed. The phenomenon of dielectric absorption is interpreted in The theory of interfacial polarizations has been
terms of the capacitor model and it is shown that an integrator having treated by several writers,3-7 and various expressions
such a feedback capacitor will experience a change in effective initial
conditions after a solution is started on the computer. It is also shown frthecm ple x d ele ricc a have resulthe,
that when such integrators are used to solve linear differential equa- determined in part by empirical parameters. Of these,
tions with constant coefficients, the locations of the roots of the char- perhaps the simplest is that proposed by Cole and Cole,7
acteristic equation are changed slightly; these changes can be evalu- which is
ated when the properties of the capacitor model are known.

INTRODUCTION I + To)1

awell-known phenomenon exhibited by dielectric ..A\ . . . .i. crc where ca is an empirical constant with values from 0 to 1,
/\materials iS that of dielectric absorption.' Whena potentials disff dielric.' a measure of the distribution of relaxation times.

Unfortunately, none of these expressions, nor the
the polarization current or charging current consists physical model of the capacitor resulting from them, isof two distinct types. The first is the charging current
which occurs practically instantaneously; the second spartcularly well suited to the analysis of the effect of

.' ~~such a capacitor when used as the feedback path of a
is that which occurs more slowly during a measur- high-gain amplifier, .e., when used in an integrator of a
able period of time. The former is caused by the rapidly differential analyzer. Furthermore, these expressions
forming, or instantaneous, electronic and atomic polari- were based on the results of experiments performed on
zations. The latter is caused by slowly forming, or ab- dielectric materials not commonly used in the capacitors
sorptive, dipole and interfacial polarizations. Only the
interfacial polarizations have relaxation times which are ments described below were carried out for two pur-
plicargeonougThe belaxioftinter in aqnalogi utvermeas- poses: 1) to develop a useful mathematical expression
plicaton.(the r timeisquiredfor a qulanizatitatie m -

o
for the complex capacitance and a physical model for

urapearthe time required for a polarization to form or the capacitor, and 2) to evaluate the necessary empirical
disappear.) prmtr o ilcrcmtra omnyepoe
The theory of dipole polarizations as developed by parameters for a dielectric material commonly employed

in precision computer capacitors, namely, polystyrene.
Debye2 shows that the dielectric constant can be con-
sidered a complex function defined by TRANSIENT CURRENT MEASUREMENTS

e* =-,_ c",,. (1) For the measurement of the charging current, an
electrometer was connected in series with the capacitor

Wheii expressed in terms of frequency and relaxationWhen epee ite sofeec aand a battery. The charge on the electrometer was re-
time, the complex dielectric constant becomes

3J. C. M\'axwell, "Electricity and Magnetism," Oxford University
* Manuscript received by the PGEC, July 17, 1957. This paper Press, London, Eng., 3rd ed., vol. 1, ch. 10; 1892.

contains part of the results of a dissertation submitted by the author 4K. W. Wagner, "Zur theorie der unvollkommenen dielektrika,"
in partial fulfillment of the requirements for the Ph.D. degree at the Ann. der Physik, vol. 40, pp. 817-855; 1913.
University of Michigan, Ann Arbor, Mich. 5W. A. Yager, "The distribution of relaxation times in typical

I Capt., USAF, Air Force Ballistic Missile Div., Air Res. and dielectrics," Physics, vol. 7, pp. 434-450; December, 1936.
Dev. Command, Inglewood, Calif. 6 R. M. Fuoss and J. G. Kirkwood," Electrical properties of

1 E. J. Murphy and S. 0. Morgan, "The dielectric properties of solids, VIII," J. Amer. Chem. Soc., vol. 63, pp. 385-394; February,
insulating materials," Bell Sys. Tech. J., vol. 16, pp. 493-512; October, 1941.
1937. 7K. S. Cole and R. H. Cole, "Dispersion and absorption in dielec-

2 p. Debye, "Polar Molecules," Chemical Catalog Company, trics-I. Alternating current characteristics," J. Chem/. Phys., vol. 9,
New York, p. 94; 1929. pp. 341-351; April, 1941.
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TIME (seconds) capacitors have values given by the following relations:

Fig. 1-Capacitor discharge current and rate of voltage recovery. 1
RkC0 =-

corded, and its rate of change evaluated to give the Ck Uk
current. The discharge current was measured in a similar -= Tkak. (6)
manner by replacing the battery by a short circuit. TheX
charging current was influenced by the capacitor leakage It follows directly then that the equivalent circuit for
resistance and by the battery voltage recovery following the capacitor is as shown in Fig. 3, where the leakage
the initial surge of current. Since the discharge current resistance RL is included. A similar model has also been
was not subject to these influences, the charging current suggested by Single.8
will not be considered in what follows. It is possible, using five resistor-capacitor combina-

It was noted that, due to the dielectric absorption tions, to fit the data given in Fig. 1 if the values used
effect, the magnitude of the discharge current depended for the components in Fig. 3 are those given in Table I.
On how long the capacitor was charged prior to being The discharge current which would result from this ap-
discharged. If the capacitor was charged for more than proximation is plotted in Fig. 1 for comparison1 with the
fifteen minutes, the discharge current during the period experimentally observed discharge current.
of observation (about five minutes) stabilized and did TABLE I
not change when a longer charging inlterval was used.EXRINTLVUSFOCACTRMDL
The data points in Fig. 1 show the measured discharge _____ ______ ____~_ ____

current for a 1-hf polystyrene capacitor following a k (scns(seRKXkKCons
fifteen-minute charging intervatl. Initial charging volt- Ck/.Roo ~ Tseons)Rscns
ages of from 23 to 110 volts were used with results es- 1 1.40X10-4 3.56x106 500
sentially identical to those shown in Fig. 1. No differ- 2 2.OOXlO-4 2500x104 504

0 10 ~ ~~ ~ ~ ~ ~ ~ ~~~~32.01- .0X0 .

ence in results was noted for temperatures ranging from 4 1 .93xlO0-4 3.03X103 0.585
66°F to 102°F. 5 1.20X10-4 3.34X102 0.040
Any number of functions could be selected to fit the RLC =S OX106

data in Fig. 1. The function selected was
* COMPLEX CAPACITANCE

a:0= Z aFeiTg (4) The complex capacitance C* of the model in Fig. 3
can be evaluated from its admittance since, for a

where the number of terms would be determined by the capacitor,
accuracy required in the approximation.nds) =have (7)

In Fig. 2 the current i, following the application of
voltage VB with the capacitors initially discharged, is From Fig. 3, the admittance is seen to be
given by 1

_____~ ~ ___co CC o (8)

___= E -e-t / 'e. (5) Y(w w~±~ Rk±+Ce.oVB k RkC0. fRCk
The discharge current which would flow if the term6inals 8 .SiannFig 2y wreplacghoe bafteryal ther cacuits ae pConv on,nNe Yor n. Y.;p1

chargig. 2cweren wshreinfluned all the capacitorslakae pape follosentrectl thCnenthtin thew equialenN.iY.;1956.
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where the admittance due to the leakage resistanice is
-COLE a COLEniot inicluded since it is nlot part of the polarization 0 --- APPROXIMATION THIS

process. 2.C INVESTIGATION

The complex capacitance from (7) and (8) is J 1.5 -\

k 1 + jwTk 0

where Tk is the kth relaxation time, RkCk. From (9) it is 0.001 0.01 0.1 .0 10 100
FREQ}UENICY (rod/sec )

clear that the infinite frequency capacitance is

C0. = C*]W= (10) Fig. 4-Phase angle of the complex capacitance vs frequency.

and the zero frequency capacitance is
a 0

zr = 7.0 seconds
Co = C*]W=_ = COO + E Ck. (11) co - C)(

k Co = 10-3 (20)

The complex capacitance can also be expressed in terms Co
of its real and imaginary parts as The details of the method used for matching the tran-

C* = C' -jC" (12) sient current curves are given by Field.'0
The value of the dissipation factor, 6, as given by

where Cole and Cole9 using the parameters given in (20) is

Ck plotted in Fig. 4 in a solid line for comparison with (19).
C' = Co + E (13) Although the method of Cole and Cole permits the

k 1 + wCTk2 complex capacitance to be described by fewer param-

= CkTk eters than does the method used here, the latter method
C" = E -1 22 (14) lends itself more readily to the error analysis which is

k 1 + w2Tk2 the purpose of this report.

If C* is expressed in polar coordinates, one has CAPACITOR VOLTAGE RECOVERY

C* =|C* e-is (15) If a capacitor is charged at a constant voltage for a

where period of time and then briefly discharged by short
__ _circuiting its terminals, a voltage is observed to build

C* /C'2 + C2 (16) up on the open-circuited terminals due to the slow form-
C" ing polarizations. This behavior provides a convenient

tan a . (17) means of measuring the same properties of the dielectric
which were determined by the transient current meas-

Tan a is the loss tangent or dissipation factor of the urements described above.
dielectric. If 2Ck<<Coo, the following approximate ex- If the model of the capacitor in Fig. 3 is charged with

k

psncbdv a voltage VB for a length of time, which is long com-
pared to the longest relaxation time RkCk, then each of

= Coo + z Ck (18) the capacitors Ck will be charged to essentially VB
IC* | c=X +k 1 + )2Tk2( volts. The voltage VB is removed and the capacitor

terminals are short-circuited for a length of time, which
1 WCkTk (19) is short compared to the shortest relaxation time, thus

Coo k 1 + w2Tk2 reducing the voltage on COO to zero and leaving the
voltage on the other capacitors still essentially at VB.

Eq. (19) is plotted in Fig. 4 in dashed lines for the The short circuit is removed and the capacitor terminals
capacitor model given by Table J. are left open-circuited. A time varying voltage will now

Cole and Cole, in a second paper,9 have evaluated the appear on the terminals. Let this recovery voltage be
transient current following the application of a constant defined as Vr
voltage to a capacitor having a dielectric constant given If the leakage resistance RL is large enough for a neg-
by (3). These results can be made to agree with the ex- ligible portion of the charge on Coo to leak off during
perimental discharge current of Fig. 1 if the parameters the voltage recovery (i.e., if RLCOO»>RkCk) and if, in
have the following values:

'0 R. F. Field, "Dielectric Measuring Techniques, Permittivity,
9K. S. Cole and R. H. Cole, "Dispersion and absorption in dielec- Lumped Circuits" in "Dielectric Materials and Applications," A. R.

trics-LI. Direct current characteristics," J. Chem. Phys., vol. 10, von Hippel, ed., John Wiley and Sons, New York, N. Y., pp. 47-62;
pp. 98-105; February, 1942. 1954.
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addition, Ck C,:<<t1, alnal-sis of Fig. 3 gives for the k

recovery voltage

Vr - - -E Ck(1 - e /RkCk). (21)

Differentiating (21) with respect to time and rearrang- Ri

ing yields ,j O

Vr 1
-= E _ e-tRkCk (22) Fig. 5-Amplifier connected as anl integrator.

VB k RkCoo

Comparison of (5) anid (22) shows that icd=dVo (26)

i di
VB COOVB (23) dik i dVo

Rk + .(27)
di Ck dt

where Vr is the recovery voltage and i is the discharge
current. Thus the measuremenit of the capacitor re- Taking the Laplace transform of (24)-(27) an-d elimi-
covery voltage can be used to obtain the same informa- nating the currenlt terms yields
tion as that obtained from current discharge measure-

The recovery voltage can be measured by connecting + E C 1 [sVo(s)-V,(0)]
the capacitor to a very high impedance voltmeter, such
as an electrometer. An alternative method is to use the Vi(s) RkCkik(O)
capacitor as the feedback of a high-gain computer am- i+ Z (28)
plifier. With the computer in the operating condition,
the capacitor is discharged by short-circuiting its termi- where
nals. The build-up of voltage on the capacitor will then Vo(s) = [Vo(t)]
appear as the output voltage of the high-gain amplifier.
The advantage of this method is that the capacitor VO(o) = Vo(l)]t=o. (29)
characteristics can be determined without removing it
from the computer anid without additional equipment. Making use of (9) in (28) gives
A disadvantage is the integrator drift due to grid cur- Vt(s) VO(O)
rent. This effect can be minimized, however, by making VO(s) - R +
two tests using the same amplifier, the second test with sRiC*(S) s

the charging voltage equal in magnitude but opposite 1 RkCki (O)
in sign to the first. Wheni the results of the two tests + E (30)
are subtracted, the integrator drift will be eliminated. SC*(S) k RkCkS + 1

Results of a typical experimental measurement of the
voltage recovery, using the same polystyrene capacitor

as before, areshown in Fig. 1. tegrator resulting from a given input; the second and
third terms give the output resulting from the initial

INTEGRATOR ERRORS conditions.
Consider the response of the integrator to a ulit im-

Fig. 5 shows a high-gain operational amplifier con- pulse. If RiCa,= 1, the first term of (30) becomes
nected as an integrator with a feedback capacitor having
dielectric absorption represented by the model de- 1
veloped earlier. Assuming that the amplifier is ideal1' Vo(s) = - _k/- 1
(i.e., it has infinite gain), the following equations can be sL1+ L: (31)
written: +TkS.j

ii= ic + Ej 1k (24) If zC, Cx<«1, (31) can be wTritten approximately as
k~~~~~~~~~~~~~~

ii= - (25) SL(S k T-1E -]-(32)
Taking the inverse Laplace transform of (32) yields

11 For a discussion of the effect of nonideal amplifiers see P. C.
Dow, Jr., "An analysis of certain errors in electronic differential C, t/ k 3
analyzers-I. Bandwidth limitations, " IRE TRANS. ON ELECTRONIC V,(t) = - 1 + , (1 - etIJk. (33)
COMPUTERS, VOl. EC-6, PP. 255-260; December, 1957. Ik CO0
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The last term of (33) is the voltage recovery to a unit C{s} = 0. (40)
applied voltage, as given by (21). Then (33) can be If only integrators and summers are used and if each
written integrator output is described by (30), it is clear that

VO(t) 1+
V,(t) (34)

the operator s in the given characteristic equation will
= =-1 + Vr()(34) be replaced by sC*(s)/C,,. That is, the characteristic

equation solved by the computer will be
where V,(t) is the recovery voltage following an applied
voltage VB. C s k5 = 0. (41)
That is, the effect of dielectric absorption is to reduce COO

the magnitude of the desired integrator impulse re- Then, if si 15 a root of (40) and si, is a root of (41),
sponse by the amount of the capacitor voltage recovery.

Similarly, it can be shown that if C*(si,')
ss= ss * ~~~~~(42)

Vi(t) = RiC00 cos wt, (35) CO

the integrator output is approximately Let the roots of the computer solution be given by

COO Si si + ei (43)

V0) = - sin (wt + |) (36) where ei is the error in the root si. Substituting (43) in

where C*1 and a are defined by (18) and (19). (42) yields
The second term in (30) is the normal initial condition - Si Ckl

of the integrator. The third term produces an effective k 1 + Tks(
change in initial conditions. This can be seen as follows.
If the initial condition voltage Vo(O) is applied to the where it is assumed that eK<sb. From (44) the errors in
integrating capacitor in Fig. 5 for a very short time so the characteristic roots can be evaluated if the roots of
that the capacitors Ck representing the dielectric ab- the given equation and the capacitor dielectric prop-
sorption remain uncharged, then erties are known.

OV(0) EXAMPLE OF SIMPLE HARMONIC MOTION

ik(0) - (37) As an example of the computer error produced by
dielectric absorption, consider the equation of simple

and the integrator output due to the last two terms harmonic motion:
in (30) becomes

x +cw'2x = 0. (45)
Vo(s) = I(RC1-1E ) (38) The roots of the characteristic equation are

= ± RC. (46)
where C* has been set equal to CO, in the last term since
doing so will be ignoring second-order error terms. Tak- From (44), (43), and (19), the roots of the computer
ing the inverse transformation of (38) yields solution are

Vo(t) = VO(O) [1 - ] (39) Si =-oa (+ j 1 - E ) (47)

where Vr(t) is the recovery voltage following an applied Thus the dielectric absorption introduces damping in
voltage VB. If the capacitors Ck are initially charged the solution and changes the frequency of oscillation.
from a previous operation or by applying the initial The damping ratio resulting from dielectric absorption
conditions for a longer time, the recovery voltage will is a function of frequency and is approximately
be different from that defined by (21). This effective (48)
change in initial conditions would be of particular sig-
nificance in high-speed repetitive computers where high It was shown in an earlier articlel that, if the com-
accuracy is required and where the initial conditions puter is set up as shown in Fig. 6, the damping ratio
must be reset in minimum time. It would also be im- introduced by computer bandwidth limitations is
portant for boundary value problems in which the solu- 1 w(T. ± 2T2)
tion depends critically on the initial, or boundary, condi- v=- 249
tions.

where T1 and 772 are time constants determined by the
ERRORS IN SOLUTIONS OF EQUATIONS integrator characteristics and Ts is the time constant

Let the computer be set up to solve a differential determined by the summer characteristics. The total
equation described by the characteristic equation damping ratio is the sum of (48) and (49).
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EXPERIMENTAL RESULTS

To compare the theoretical damping ratio given by 4 -

(48) and (49) with that obtained experimentally, the 3 TOTAL DAMPING
Sterling Electronic Differential Analyzer12 was used. 2-_- DAMPING RATIO DUE TO

The computer was set up as shown in Fig. 6. The capaci- ,
ABSORP

tors used in the integrators were the type for which O,
experimental values were given in Table I. The integra- x

rod

tor and summer time constants were determined by
using the methods given in the previous article11 and 2 -THEORY 0

20 5,0
0 EXPERIMENT

were -l
x -20

-_= 5.2 X06 -30IX

T2= 2.0 X 10-7 Fig. 7-Damping ratio introduced by the computer.

TS = 2.0(1 + W2) X 10-7. (50) It will be noted that, for frequencies betweeni 0.1 and
10 rad/second, the dielectric absorption makes the ma-

xv2 jor contribution to the damping. It is clearly a source of
error which must not be overlooked when considering

L X the accuracy of differential analyzers, especially at low
VA-X frequencies.

Fig. 6-Computer setup for simple harmonic motion. ACKNOWLEDGMENT
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